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In t r o du c t i o n

Tlue general theory of chemical shifts has been well known sinc e the paper

of Ramsey~~~ in 19S0. With the development of improved methods for obtaining

new )Iartree—Fock wave functions interest has again been rekindled to theoret i-

cal ly  d e t e r m i n e  the  chemical shift tensor In this approx imat ion .  Although the

f inal  equationa  arc well e s tab l i sh e d  they have derived by several different

routes and often in different formalisms. Since one ’s ultimate goal is to not

onl y cor rec t l y ~~~~~ the chemical shift but also to u n d e r s t R n d  t he  origins of

its various cont r ibu t ions , It  is c lear l y impo r ta n t t o  h ave a good f eel f o r how

the variout ;  theore t ica l  terms ar ise .  The purpose of the present d i scu ssion  Is

to present what we bel ieve to be a thorough and , h o p e f u l l y ,  clea r der i v at i o n  of

the theoret ica l  expressions In what we also believe to be the most t r anspar en t

approach. A v a r i e t y  of background material is included and we dcl .e somewhat

more deep ly In to  some of the teps than would one in a forma l j ou rn a l  art ItI t .

Following a b r i e f  review of the pe r t i nen t  t i ami l  ton i an  the lid lrn aun —F e ’y l lmaul l

(2 , 3)theorem is used to establish the general  s h i f t  expression . This Is followed

by a discussion of London ’s approaeh~
4
~ to the origin—gauge problem and pert u r bed

Hart rce—Fock theory in a variable basi~ .~ ‘t. Finally, we derive the chemical

sh i f t  equat ions  employing LOndOn ’s approach and show how they are t r i v i a l l y

modified for  the case wh’~re London o r hit a l s  ar e  not used .

The Ha ;nilt . on ian

In the semi—classical  t rea tment  of the i n t e r a c tio n  of a molecular  sys tem

with clectro7 .agnctic r ad ia t ion  the usual Born—Oppenheimer e lec t ron ic  H am i l t o n i an

is ~1ven by -
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for a n u c l e u s  N coup led directl y to an external magnet Ic field II. A 1 Is  t he

Vector po t en t  t a t  of he ~~~ e lect ion w it i  It ’ V eon t , i  f i u ~ iill other in t er a c t  Ions hi’ I

cons iclered j u t’ I tiding all of the at t rae L i v e  and repu Is ly e  con 1 omb I n t e ra ct  I otis .

The vector p o t e n t i a l  consi st s  of two p a r t s :

1 tl Nx (r l RN~
— 

2 ) lx ( r 1— R) + ‘ ir T
~i~.r,i IT~ 

(2)

The first part I s due to th1’ r rese’nct ’ of t he’ e x t e rn a l  f i e l d  II and eon t e t  I us an

arb it  r4lry vect or R due t o  the  m c ’ tha t i n t he  Se ’ I cc ’ t Ion of A
1 

we a rt ’ f i t ’ e ’ t o

~~lvet any gauge which , I n t h is examp le , Is an ar id t rary  reselect ton of t h e  or i g i n

of the coordina t t’ sy st cm. No such I t eetloin of tel at  I Vt’ or I g in e x i s t s  for  the second . -

term , howevi’ r , wh (cli is t he  c o n t r i b u t i o n  to A
1 

of th e  iiuc I ear moment  and wh e I

d i st ance’s a i’e m*’nsti red w i t h  r espect  to RN , t he l oc a t i o n  ~‘ . The form

e x h i b i t e d  ca it  1w t her be mod I I I  ccl by t h e  add i t  I on ol an nt’b I t r a ry  t et’m of t he

type grad( f (i’
1 

) ) si itce’ cciii (g rad ( I (r
1

) ‘t —t ) and does not change t he j,~hvs ical

t o t a l  maguc t i c  f I t ’  1(1 . In any cotup 1cC e ca 1 en I .t U on t h e  eho I cc of ga uge I s , l i ke’

the choice of coord m a t  t ’ sy stt ’m , f nuuzi ( c i i  at  . Ej is t e l  ii has shown t hat  £ he

approximate t inr es t 1.1 C t  ed coup I cii Hat  t l e e ’— Foek hco ry is also g.uige I liV.I 1 1 a it t

with! c any g iven set  of t rial funtt’t b u S  In  t h e  st ’nst’ of y i e l d  l u g ide n t i c a l  energ ies

for an nrb l t r ;Iry choice of gauge . The gener al  prob 1cm is , of course , t hat t ’xac

ca lculat ions  ar e  not cu r r en t  I y ~~~~ I hi  e lot’ mo~;t molecuti ar sys tent s of m t  cr est

and lia r t Fee— Foe-k c CU l.s t I ems IISISI 11 y cup I oy cit her a t u t u  ted has I s set or

appr oxima t louts to the nec e ’ssauy in t e g ra l s .

Since the  di ice t nuc leus - -h eld coup i i ug is  easi l y t reated , the presence of the

VC C tor 110 ten t ( c i t  y (ci its a pert  urb at  ion of t he fo i-rn (elect  ion  s ubse U pt and sum

repressed)

1
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(A sp - fp .A)  ‘9 2mc 2 A ’A

(3)
2

C CA• p + —-‘-- -
~~~ A’Amc 2ntc

where the coulomb gauge (V.A 0) ha~ been se ’ Ie C t e d ~~~~.

For a sys te rn wi t h nai l tip i e pert urba C Ions such that

~~~~~~~. ~i7 + + + ~ ff(a~t~ ~ • . .  (4)

where a , ~ are the ’ usual or-dc r tu g  (expansion) paranue ’t ers , we may expzmcl bc’t h t h ’

WaVe IWW tin s and energy in a s (ml in r set’ I es :

Is> - > + a I4 ’~~ > + ~~~~ + a
~l4 ’~~’~~ 

+ ... (S)

£ — c + + + aIi~~~ ’~~ + ... ((u )

80 that , for example ,

7( ,~ ) ~ 7
~ (, ~itl

(a) ~~r£ — - - - (8aa

The lIellman- F cynm .’m the or em~
2 ‘~~~ yieiti s the result

— (9)

so that further differenti a tion lends to

~
2r 1~k~t’~~ + ~~~~~~~~~~ 

~~~~ (10)
aaafl ap ’ao ‘~
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or, since the mixed derivative is independent of the order of differentiation

- <
~~- I -~-~~~- iF>+<4 , I2.i.

~±> 1i <~F?
~~ Iii)> (11)

a~ act

a result which ~~~~~~~~~~~~~~~~~ referrirg to earlier work by t)algarno and Steward~
8
~ ,

cal]sthe interchange theorem . Accordingly, we find

+ ~~~~~~ ~~~~ 
<
~0V~

”’8~k’0
> 

(12)

where the second term is the hermitian adjoint of the first term.

If we write the chemical shift tensor o such that the nuclear spin

Hami lton lan is -

~~~~~spin 
= — }1. (l — a)•II

N 
(13)

then 

- 
~~~~~~~~~~~~~~~~~~ 

+ ~~~~~~~~~~~~~~~~~
~
li
i~

t1
N4_

_

(14)
+ <5~~~

,
~9jHj h1 1 Nj~~~~j , >  - --  -

and we can calculate the general i—j element of the tensor a from a knowledge

of and the first—order perturbative effect of the external field H on J4> .

Use of the interchange theorem reverses the 11 and ~.i symbols but must lead to the

same physical answer.

The particular choice above of finding the first order external—field—

perturbed wavefunction has the practical advantage that for a system of many

nuclei it need be carried out only once whereas had we chosen to determine

a calculation would be required f o r  each nucleus N.



6
London Orbitals

• The freedom to select an arbitrary gauge would seers to add flexibility to

the chemical shift calculation in terms of choosing a gauge that leads to a parti-

cularly transparent physical interpretation . The fact that most approximate cal-

culations are not gauge invariant diminishes this flexibility and presents one

with the problem of which gauge is “best” in a particular situation . The usually

trivial choice of coordinate system origin is now more important since this con-

stitutes one class of gauge choice. One solution to this particular problem

is to follow London~
4
~ and replace the orbital 4~~(r) centered at R~ by what

we shall term a London orbital~
9
~
’(LO)

-ic

- ~c~ (r) — 
-tic 

•(r) 
(15)

since now

(p + ~-A) X e C 
(p + ~-(A—A (R~ ) ) $  (16)

and the vector potential term in the remaining operator becomes

1 ~N~~
r R N )

- A—A(R ) -~Hx(r--- R .) + Tr—~T~ (11)

Now, in both terms in the operator (applied to a particular orbital n), a

specific reference origin is referenced : still the nucleus N for the second

term and now R , the center of orbital n, for the first term. The use of
n

London orbitals thus suppresses any arbitrariness in selection of origin; one

has, in fact , for each choice of origin made a unitary transformation of the

basis so that so long as one uses the same basic orbital set (4cc) the gauge

invariance is, as Epstein
00

~puts it , “enforced” . Epstein points out that

this resulting gauge invariance within a given set o functions is not import-

ant for just that point, but rather that the physical signif icance li es in the
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—ieA(R&.r/-tcc (r) is through first order in H the exact eigenfunctionfact that e n

• of a one—electron , one center un i fo rm magnetic f ie ld problem which has • as an
n

eigenfunctlon when H~ O. Since London orbitals (sometimes called GIAO) account

(11) 
that the gauge problemfor only the translational invariance , some feel

can be overcome only by the use of large basis sets , despite sonic recent success—

es~~
’2
~obtained by use 

of the London basis.

Perturbed Ilartree Pock Theor_y and Variable Basis Sets

Use of London orbitals is an example of working with a variable basis , that

is, a basis set in which one or more perturbation parameters are exp~icity con-

tained in the description of the wave functions employed. Moccia
1
~
7) 

has treated

this problem and presents general formulas which are very useful not only for

the variable basis set problem but for the more conventional approach in which

the perturbation ordering parameters appear only in thc liamiltonian . One pur—

pose of this section is to briefly review the general procedure , to establish

notation , and f ina l ly to present expressions which allow the determination of

5
(H1) 

presented be fore in the general formula for the chemical sh i f t  tensor

(equation 14).

We consider a closed shell system described by a set of doubly—occupied

molecular orbitals rP~ (r) written as a single Slater determinant. The total

energy is given by

0CC oce
E ) 2f 11 + ~ (2J — K~~ ) (18)

i,j ii

where f~~ is the expectation value of all the one—electron terms with and

J~~ (ii/jj) and K
1~ (ij/ji) are the usual coulomb and exchange integrals in

the Mo(iP~) basis:

(ijfkl).fq,~ (r
1)*~

(r
2
) 
r12 ~

?~ (r
1
)~
)
~ (r

2
)dV

1
dV

2 (19)

..•~
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• Requiring E to be s ta t ionary wi th  respect to an a rb i t ra ry  change ~5rp .~ in p1
subject to maintenance of the MO or thogonality  leads to the Fock equations

) <m~f~n>C~~ + C C ~~ C 1 {2 ( mnj r s )  — (ms j rn)} ) ~1~ C~~ < m l n >  (20)
n j r,s,n n,j

where the MO I4i~> has been expanded in a general atomic orbital basis I n>

where

I*f ~ In> C5i (21)

and <m m >  is an overlap integral in the basis In > . Since for this case

(doubly occupied orbitals)the density matrix P can be written

0CC 
*P —~~~~2 C cinn nj mj (22)

I’
we can rewrite the Fock equation in matrix form as

iF + G(P))C1 ~ 
C~~SC~ 

- 

(23)

where

Purn

~ 
P 8~ {< m r fg In s > _  F m r f g ( s n > )

S — <nr~n> (24)urn

and C~ is the column vector representation of in the AO basis (Jn>}. The

self—consistent nature of the approach is apparent; one assumes an initial

density matrix and iterates until self—consistency is reached. Usually, the

matrix c (of elements t~~~) is presumed diagonal. If one is to carry out a
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perturbed H ar t re e— Foc k  procedure , this  may be presumed to be so in zeroth order

but not in hig he r orders.

Following ~iocc ia ~~~~~ consider the f i r s t  order perturbation equation in

• for the Hartree—Fock procedure:

occ ~a O s (c t)
~~

O 
+ ~(F° + G°(P )) C

1~
+ (~~(0)~~ c~~~(p~~c~ c1,S C1, + I ij j (25)

Here we ha ve used a diagona l ized c~~ in zeroth order .  By tearrangement we

obtain -

0CC (a) o a(F°+C°(P~ 
o o a (a)

+ c
(a) o (a~

• • - 
— c

1
S )C

1 
+ (F P) — c

1
S )C~ = ~ c1~ S (26)

Note that C(P) may contain a first—order contribution fro’n both the den si t y

matrix P and the electron repulsion terms <nrr~g~ns> if a variable basis set

Is employed . By a procedure s imi lar  to ordinary  p e r t u r b a t io n  theory , C .., may

be projected on both the occupied and unoccupied orbitals to obtain

0CC vac C

~ 
( — ~~~oi’~~(e 

+ 
~~EF~~~ + G~°~ (r) — 

o
~~

(a)
J~~

o 

(27)Ic C
I

C
k

where, we note , both the occupied and vacant (in zeroth order) MO’s enter into the

expression for C~ , and where

I I  0
~ I P~~~)

( <mfl J g~~fls> — -
~~ <nrr~ gI sn > °)urn at

r,s

+ ~,
o 

~ < 
(a) 

~ <m r (  
(a)

mr (g1ns> — — g~sn> Hsr
(28)
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Since an i t e r a t ive  soi ,t ion to is desired where

DCC
P = 2 ~~ C C ~~

j i i

~~(a) 
2 C

0 (C0
)
t + C0 (C0

)
t

3 
(29)

j 
j

it is usefu l  to r ewr i t e  the expression for C~ as

0 01-
occ va c C C

- ~~ - ~ c c t s~~ c~ + ~ k 
• (F~° — t

k 
s~~~r ~~

k k (c
i
_c
k)

ovac C C
+ 

~~ 

__
~~~~~~~~~~~~ O)~~~

_

~ 

‘
. 

~~~~~ C1 (30)

occ
C r ootso that in the f i r s t  term one may recogiuze P = 2 L CkCk 

and in term s

two and three the term C C ~~f(c~,
°—c~) which need be calculated only once , as

indeed is t rue  for  the entire second term . Indeed , if we neg lect the th i rd

term we have what is referred to as uncoup led Hartr ee—Fock per turbat ion  theory . (13)

It is the electrostatic integrals that couple the various C~ equation s that

require the iterative procedure in perturbed !Lartrce—Fock and lead to this

approach being ref erred to as “coupled” Hartree—Fock .

While our procedure requires us to determine the C°
1 

(or CU) in the general

wave—function expansion

n >C~~ = fln°>C°1 + In~>c°1 + In °>C~~ + ... (31)

use of a variable basis introduces the perturbation parameters in the basis and

thus into a variety of integrals .  For example , in employing London orbitals

• - ~~~~~~~~~~~~~~~~~~.-
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for the chemical shift problem

-ie A (R ) •r  —ie
• 4k in — A(R ).r

S J($ e )* ($ e4iC ~ )dV (32)

and , since A(R ) = -~-HxRa 2 n

(H) ie *smn ~ ~~~~ ‘~m ~
> r ((R

~
_R
~
)xr)

j
dV (33)

(a’ (a)
Similar terms enter in the F ‘ and C matrices. The general manipu:Lation of

such terms will become more apparent as the next section is developed. 
-

The Chemical Shift Expression - 
-

We wish to write out explicitely the various contributions to the chemi cal

shift tensor and exhibit their origin in terms of the. general expression given

in equation 14. We will assume that London orbitals are to be employed but will

• be able to see also the resulting expression when ordinary AO’s are used

- - 
1. < y I~~~

(H
i~
PNj
)

I~ 0
> (I~)~~ 

.

The Simplest term to consider is that in which only the unperturbed wave—

• function enters and the bilinear H—~ term arises in 
the perturbing Hainiltonian.

2 p x r  2
e (llxr) . N N = 2 t(H~~

1
N
)(1

~
tN
) _ (11.r

N
)(
~
J
N
.r)l

~ 
1
3

2urc rN 2nrc rN (34)

where r
N 

r_R
N
. Accordingly ,

.j ~ 
(H~~~i~~) = 

21nc2 I (r Ir N ) ’Si j  
— (r N ) j (r) j~ ~3 

~~~(i,l)
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• If we define the row voetor x as the gnugvlt ’ss basis  vector whose~ compon ent s

• are $~~ Itr ”  the various zeroth order MO ’s k become x0C~ and 1
~ 

becomes

DCC occ
-

• 
(I
~
)jj 2 ) 

~~~~~~~~~~~~~~~~~ 
Tr )~ 2C~C~

t (x t.ff~
’
~~

fl x )

~ ~
‘
~m 

<“~ I 1~ ~ 
H 1 (36)

ri ,Th U

We remi :id curse I vt ’ s again  t hat  I~ ~ , m ’ a re’ gan gt ’ 1 e S , non—tO orb I t a I s

2. <*
(H j)I J~~

”N I ~’~~ 
+ h.a. (1

2 
+ 13) ~ 

-.

As w~ f I n.r 11 y ~va II,.it ( I~ ~lfld 13 to camp It ’ t e t he’ e ’~ Cu I ~i t Ion , th e  tl~ ~ 1 r•:h i l l  t

• of d i v i d i n g  the i nt e g r a l  Into two p.1:: 5 w i l l  become’ apparent . Si n ce C

pert iirhe’it w.ive fun c t Ion In now Involved , t he j~~~t w h e ’d  ~to ’ s XØ
C~
”1~ + ~ 

) 
C~

arc composetl of two  parts.

~~ 2~ 
- 

OeC
(f (  

~~ -ft’~ ~ ~~~ + h . a ;

Tr~ 2C~ Ck
Olt
) ( X t

~~~ NJ~~x )  + h a .
k (37)

Since ‘

D C C
P • )~ 

2 C
k
C
kk

~
OI
~~
) 

~ (l .O) 
— 

~~~ 
2(c~ c~~~

’
~ + ck

O’ 1)
c~

t )

Cl ( T~~X P ) ~J

(38)
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we fitially obtain (the Hermitian adjoint now explicitely Included)

• “2~i j  ~ ~ 
(P~~

0
)
1
<ri:J~~— 

(
~ç!~i__ jn~

fl ,nr t
N

1
3 

will contain x (H 1
) which con t r ibu tes  the lI~ p ar t  of the H—~ b i l i ne ar  t e r m .

The der ivat ion must be done carefu l l y since the p e r t u r b a t i o n  opera tor  is a

1y~~ I_v~ operator  and will act on the x
01i

’
~. 

1
3 

can quickly be put In the [o:’nr

1- (~t ~ (:i
03>ij 

— Tr P° 1 (x ~
11i ’

~ j t 7~ 
Nj x0) + (x~ ~~~ 

Nj’ ~ (H 1,
’) )  (40)

Si flee

A (R ) ‘r —ie 
- A ( R ) ‘re 4w n 4ic eAspe + e i. —-—-A .p n>mc a inc

+ —
~~

---- A.
~~)(~~-- A(R))ln>) (41)

the contribution from the second tern: takes on a different form and we finally

obtain

2 (r xp )
(I
3
)~J 

— Tr r° <~ ( ie.~ ( ( R
5— 

R )x rJ 1 
• 

3
1n >

- rN

_TrP
~~ 

~ 

(R
e
. r

N
)
~ lI 

- 
N~ I~~ n >

j 11~> 

-

Zinc rN (42)

where we note the resemblance In form -f the second par t  of the expression  for  1
3

to that fo r I~ in equations 36 and 35; Indeed , they may be combined.

Expressing p —i~ V we may combine all terms to finally obtain
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— 
~ ~~~~~~ 

<m~— - ~
n,m 2mc

2 (r xv)
+P° <m I— ~-— ((R --R)xr) 

N J__ In>
am 2 in n i 32wc rN

+ +(P~~
0
j<mI~~ 

- 

fn>) (43)
r
N

Having specified a par t icu lar  p e r t u r b a tio n  — the external  H — f i e l d  and -

internal si—f ield—the perturbation expressions may also be exp lic it e ly  given .

(H ‘ (H )
The general matrix element for S i has been given in equation 33. For F I

we obtain

(H )
F i 

=-4~
——-- <m l  ( ( R —  R )  ~t r) 1 1~co re

~~
- -

~~ 
<m f -~~~ ( ( r— R )x V ) 1 I~~

> (44)

where ~~~ corc is the usual unper turbed 1—elect ion part  of the Ham il ton ian .

The tern: is given by rep l a c i n g  in equation 28 P~~~~~by winc e, for

example ,

Kin~r~~l g l f l~ s~ > 1 
- <lnr~g ~~~~ m~~~~

’”1~ i

4- ((R -R )xr ) 1jna~T 8 2 1  (45)

Equation 63 represents the general results for the i—j clement of the

ahielding tensor calculated from th e, coupled perturbed }lartrce—Fock approach .

P For solution work we may deqire onl y the i’~otrop1c p a i t  of a obtained by
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setting i—j , and taking one—third the sum ove r 1.

1 Tr(a) (46)

To obtain the proper result for the case where we do not use London orbit a ls

one simply sets R ,R equal to zero in  equation 43. Similar simplifications

occur in the perturbation part of the calculation in equations 33 ,44 , and 45
(H )

• one sets R ,R ,R ,R all equal to zero . S vanishes as does the c~~~core

term in 44 , and is considerably simplified . Translat ional  invariance-

• is lost, of course , and one ’s answer may now depend upon the choice of ori gin.

A convenient choice often employed is to locate the origin at the nucleus

of In t eres t ; t his iran the ef fec t of replacing r in the f tha l  equat ions  33 , 43 ,

-

• 44 , and 45 by r
N r_RN
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